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Abstract. In the present work considering the contributions of the daughter nuclear charge and the orbital
angular momentum taken away by the emitted proton, we propose a two–parameter formula of new Geiger–
Nuttall law for proton radioactivity. A set of universal parameters of this law is obtained by fitting 44
experimental data of proton emitters in the ground state and isomeric state. The calculated results can
reproduce the experimental data well. For a comparison, the calculations performed using other theoretical
methods, such as UDLP proposed by Qi et al. [Phys. Rev. C 85, 011303(R) (2012)], the CPPM–Guo2013
analyzed by our previous work [Deng et al., Eur. Phys. J. A 55, 58 (2019)] and the modified Gamow–like
model proposed by us [Chen et al., J. Phys. G: Nucl. Part. Phys. 96, 065107 (2019)] are also included.
Meanwhile, we extend this new Geiger–Nuttall law to predict the proton radioactivity half-lives for 51 ≤
Z ≤ 91 nuclei, whose proton radioactivity is energetically allowed or observed but not yet quantified in
NUBASE2016.
PACS. 23.50.+z, 21.10.Tg
1 Introduction
The study of exotic nuclei far away from the β–stability
line has become a very interesting topic both from the
experimental and theoretical points of view with contin-
uous development of the radioactive ion beam facilities.
The investigation of exotic nuclei has led to the discov-
ery of a new form of radioactivity—proton radioactivity.
In 1960, Goldansky [1] reported the limits of stability of
neutron-deficient isotopes with respect to proton radioac-
tivity. The proton radioactivity was firstly observed in an
isomeric state of 53Co in 1970 by Jackson et al. [2, 3]. Sub-
sequently, Hofmann et al. and Klepper et al. detected the
proton emission from nuclear ground states in 151Lu [4]
and 147Tm [5] independently. Up to now, there are about
29 proton emitters decaying from their ground states and
15 different nuclei choosing to emit protons from their iso-
meric states, which have been identified between Z = 53
and Z = 83 [6–13]. A detailed account on the summary
of the experimental information on ground and isomeric
state proton emitters is reported by Sonzogni in Ref. [6]
and by Blank and Borge in Ref. [9].
a
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The proton radioactivity can be processed by theWentzel-
Kramers-Brillouin (WKB) approximation method since
this process can be treated as a simple quantum tunneling
effect through a potential barrier. Based on this method, a
lot of models have been proposed to deal with the proton
radioactivity such as Woods–Saxon–type potential [14–
16], the effective interactions of density–dependent M3Y
(DDM3Y) [17–19], Jeukenne, Lejeune and Mahaux (JLM)
[18], the unified fission model (UFM) [20, 21], the gen-
eralized liquid–drop model (GLDM) [10, 22], the single–
folding model (SFM) [8], the modified two–potential ap-
proach (MTPA) [11, 23], the Gamow–like model (GLM)
[24, 25] and the Coulomb and proximity potential model
(CPPM) [12, 26, 27]. For more details about different the-
ories of proton radioactivity, the readers are referenced
to Ref. [28]. Since the half–life of the proton radioactiv-
ity strongly depends on the decay energy Qp as well as
the orbital angular momentum l taken away by the emit-
ted proton, it is indispensable for the process of proton
radioactivity to investigate the effects of angular momen-
tum such as being a centrifugal energy term in models or
a pivotal correlation in empirical formulas. Based on this
theoretical basis, several of empirical formulas included
different forms of Qp and l are also proposed to calcu-
late the half–life of proton radioactivity [7, 13, 29–31]. In
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this work, based on the Geiger-Nuttal(G–N) law [32] we
propose an analytic formula that is more convenient for
using in the investigation of proton radioactivity. This for-
mula is the relation of proton radioactivity half–life T1/2,
decay energy Qp, the charge of the daughter nucleus Zd
and orbital angular momentum l. While the parameters
are obtained by fitting the experimental data of proton
radioactivity.
This article is organized as follows. The details of em-
pirical linear equations, spin–parity selection rule and Q
value are given in Section 2. The new G–N law, detailed
calculations and discussion are presented in Section 3. Fi-
nally, a brief summary is given in Section 4.
2 The theoretical method
2.1 Empirical linear equations
The first significant correlation between the half–life of α
decay process and the decay energy Qα of the emitted α
particle was found by Geiger and Nuttall [32], and the
Geiger–Nuttall law is written as
log10T1/2(s) = aQ
−1/2
α + b. (1)
Where a and b are the two isotopic chain–dependent pa-
rameters of this formula. In order to extend the G–N law
to non-isotopes, Brown [33] proposed a universal scaling
law with determined the contribution of the charge of the
daughter nucleus for α decay half lives of even–even par-
ents (l = 0 decays). It is expressed as
log10T1/2(s) = aZ
0.6
d Q
−1/2
α + b, (2)
where Zd is the charge number of the daughter nucleus.
However, since most proton emitters have different proton
numbers and the emitted proton takes nonzero orbital an-
gular momentum, the above two empirical formula can not
be fully applicable to the study of proton radioactivity.
In 2006, Delion et al. [7] proposed the first empirical
formula for the reduced half–life of proton radioactivity
in proton decay processes. The slope parameter is the
Coulomb parameter with the charge of the daughter nu-
cleus. This formula is divided into two ranges and written
as
log10T
k
red(s) = ak(χ− 20) + bk, (3)
here the parameters are as follows
a1 = 1.31, b1 = −2.44, for Zd < 67,
a2 = 1.25, b2 = −4.71, for Zd > 67. (4)
Where Tred is the reduced half–life corrected by the cen-
trifugal barrier. χ =
√
2e2Zd
√
µQ
−1/2
p /~ is the Coulomb
parameter with ~ and µ being the reduced Planck con-
stant and the reduced mass of the proton–daughter sys-
tem, respectively. Qp is the decay energy of proton. Since
Tred is subtracted from the contribution of the centrifugal
barrier, Eq. (3) contains non the influence of orbital an-
gular momentum. For determining the contribution of the
charge of the daughter nucleus in the proton radioactivity
half–life, Budaca et al . [13] employ the Brown–type em-
pirical formula to study the proton radioactivity half–life
based on orbital angular momentum classifications. This
formula can be written as
log10T1/2(s) = aZ
β
dQ
−1/2
p + b, (5)
where the parameters are as follows
β = 0.73, for l = 0, 2 nuclei
β = 0.85, for l = 3, 5 nuclei. (6)
Here β is a particular power parameter of dependence on
Zd. l is the orbital angular momentum taken away by the
emitted proton. To verify the information of proton ra-
dioactivity half–life, Sreeja et al . [31] follow the Brown–
type empirical formula to propose a new formula with
including orbital angular momentum l dependence, it is
expressed as
log10T1/2(s) = ((a× l) + b)Z0.8d Q−1/2p + ((c× l) + d), (7)
where the power dependence on Zd fitting by experiment
data is 0.8. The values of adjustable parameters a, b, c
and d determined by 44 experimental data of proton ra-
dioactivity nuclei are as follows
a = 0.0322, b = 0.8204,
c = −0.1527, d = −26.4801. (8)
Above all, considering the contributions of the charge
of daughter nucleus and orbital angular momentum, the
G–N law can be applied to the study of proton radioac-
tive half–life. In this work, we propose a two–parameter
formula of new G–N law for proton radioactivity. The de-
tailed discussion of the new G–N law is given in Section
3.
2.2 Spin–parity selection rule and Q value
The proton emission from nuclei obeys the spin-parity con-
servation laws
Jp = Jd + Jpι , pip = pidpipι(−1)l, (9)
where Jp, pip, Jd, pid, Jpι and pipι are spin and parity values
of the parent, daughter and outgoing proton, respectively.
The proton has a nonzero value of spin and positive par-
ity, therefore the minimal value of angular momentum at
the proton transition is obtained slightly different from α
decay [34]. It is expressed as
lmin =


∆j for even ∆j and pip = pid,
∆j + 1 for even ∆j and pip 6= pid,
∆j for odd ∆j and pip 6= pid,
∆j + 1 for odd ∆j and pip = pid,
(10)
where ∆j =| Jp − Jd − Jpι |.
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The decay energy Qp [12] is generically calculated by
Qp = ∆Mp − (∆Md +∆Mpι) + k(Zεp − Zεd), (11)
where ∆Mp, ∆Md and ∆Mpι are, correspondingly, the
mass excess of parent and daughter nuclei and emitted
proton. The experimental data of mass excess ∆Mp and
∆Md are taken from the latest evaluated nuclear prop-
erties table NUBASE2016 [35] and the latest evaluated
atomic mass table AME2016 [36, 37]. The term k(Zεp−Zεd)
represents the screening effect of the atomic electrons[38],
where k = 8.7 eV, ε = 2.517 for Z ≥ 60, and k = 13.6 eV,
ε = 2.408 for Z < 60 [39].
3 Results and discussions
Combining the above empirical linear equations, and con-
sidering all the available proton radioactivity experimental
data, the G–N law can also be employed in studying the
half–life proton radioactivity for the isotopes with being
the same orbital angular momentum l. For intuitively de-
scription about G–N law, we plot the 11 cases (including
27 experimental data) of the straight line between the log-
arithm of the experimental half–lives of proton radioactiv-
ity isotopes and Q
−1/2
p in Fig. 1. In this figure, all the cases
are perfectly following the G–N law and can be expressed
as the form of Eq. (1). Committed to extend this linear
relationship to all available proton emitters, Budaca [13]
and Sreeja et al . [31] employ the Brown-type empirical
formula [33] to determine the contribution of the charge
of the daughter nucleus Zd i.e. a particular power value of
dependence on Zd. We plot the relationships between the
logarithm of the experimental half–life and ξ in the cases
of l = 0, 2, 3 and 5 in Fig. 2. Where ξ = Z0.8d /
√
Qp is
taken from Ref. [31]. In this circumstance, the Root Mean
Square(RMS) deviation of the empirical estimates with
respect to the experimental value are found to be 0.301,
0.648, 0.238 and 0.138 corresponding to l = 0, 2, 3 and 5.
The results show that a new G–N law can be obtained by
considering the contributions of Zd and l according to the
Geiger–Nuttall–Brown systematics
Here, being based on the form of G–N law [32], consid-
ering the contributions of the orbital angular momentum
l and the charge of the daughter nucleus Zd in a unified
way and according to the phenomenon in Figs. 1 and 2, we
propose a simple formula for proton radioactivity half–life.
It is expressed as
log10T1/2(s) = aβ(Z
0.8
d + l
β)Q−1/2p + bβ. (12)
The exponent β on the orbital angular momentum l is to
determine its effect on the proton radioactivity half–life.
Fitting 44 experimental data of the proton radioactivity
half-lives in the ground state and isomeric state, we obtain
a set of results as shown in Fig. 3. While the exponent β
is varied from 0.5 to 1.5. In this figure, the best standard
deviation is found to occur at the exponent β = 1.0. Now,
referenced to Brown–type empirical formula, we propose
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Fig. 1. (color online) The G–N law plots for different cases of
proton radioactivity isotopes using experimental half-lives and
Qp values. The orbital angular momentum values l taken away
by emitted proton are given within the parentheses.
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Fig. 2. (color online) The relationships between the logarithm
of the experimental half–life and ξ in the cases of l = 0, 2, 3
and 5.
a two–parameters formula for proton radioactivity half–
life keeping the exponent of the Zd and l as 0.8 and 1.0,
respectively. It is written as
log10T1/2(s) = a(Z
0.8
d + l)Q
−1/2
p + b, (13)
where the parameters corresponding to the best standard
deviation are as follow
a = 0.843, b = −27.194. (14)
The standard deviation σ indicating the deviation be-
tween the experimental data and calculated ones can be
expressed as
σ =
√√√√ 1
N
N∑
i=1
(log10T
calc,i
1/2 − log10Texpt,i1/2 )2. (15)
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Fig. 3. (color online) The dependence of the standard devia-
tion on the value of the power β.
We obtain σ between the result calculated by Eq. (13) and
the experimental data is 0.397. It means that the calcula-
tions of proton radioactivity half–lives can reproduce the
half–lives of experimental data well and differ from the
experiment data by a factor of 2.49 on average.
In this work, the experimental proton radioactivity
half-lives, spin and parity are taken from Refs. [9, 24,
35]. The decay energies Qp are given by Eq. (11) with
the the mass excess of parent and daughter nuclei taken
from Refs. [36, 37] except for 117La, 140,141Ho, 144Tm,
150,151Lu, 159Re, 159Rem, 164Ir, which are taken from Ref.
[9]. The values of orbital angular momentum for 109I and
177Tlm are cited from Zedb et al. [24]. For a comparison,
the proton radioactivity half-lives are also evaluated us-
ing the universal decay law for proton emission (UDLP)
from Qi et al. [29], the CPPM–Guo2013 by Guo et al.
[26] analyzed from our previous work [27] and using the
modified Gamow–like model from our previous work [25].
The detailed results including this work, the UDLP, the
CPPM–Guo2013 and the modified Gamow-like model are
given in Table 1. In this table, the first three columns
present the experimental data of the proton emitter, cor-
responding Qp and l, respectively. The last five columns
are the logarithmic half-lives log10T1/2(s) of the experi-
mental data, and obtained using the four theoretical ap-
proaches i.e. Eq. (13), the UDLP, the CPPM–Guo2013
and the modified Gamow-like model denoted as Expt,
This work, UDLP, CPPM and Gamow–like, respectively.
In addition, the standard deviations σ calculated by Eq.
(15) for these calculations i.e. This work, UDLP, CPPM
and Gamow–like are listed in Table 2 for comparison. The
results of the two empirical formulas (UDLP and Eq. (13))
are better than the results of the two models (CPPM
and Gamow–like). Compared to UDLP, our new G–N law
slightly improves by 0.427−0.397
0.427 = 7.0%. To obtain further
insight into the well of agreement and the systematics of
results, we plot the comparison of the calculated half-lives
with the experimental data in Fig. 4. It indicates that the
log10(T
calc
1/2 /T
expt
1/2 ) values by this work are generally in the
range of ±0.5, corresponding to the proton radioactivity
half–lives calculated by Eq. (13) are within a factor of
2.49. In the Fig. 4, there is a phenomenon that the de-
viation appears to be uncontinuous around Z = 68. It
may be caused by an abrupt change in the Qp values or
the nuclear structure of emitters [7, 40]. In order to fur-
ther demonstrate the significant correlation between the
half–lives of proton decay processes and the Q–values of
the emitted proton, according to Eq. (13), we plot the
quantity [log10T
expt
1/2 − b]/(Z0.8d + l) as a function of Q
−1/2
p
in Fig. 5. It indicates that the linear dependence of the
proton radioactivity half–life on Q
−1/2
p is obvious within
eliminating the contributions of charge number and angu-
lar momentum on the proton radioactivity half–life.
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Fig. 4. (color online) Decimal logarithm deviations between
the experimental data of proton radioactivity half-lives and cal-
culations. The circles, upper triangles, pentagrams and lower
triangles refer to results obtained by Eq. (13), UDLP, the
CPPM–Guo2013 and the modified Gamow-like model denoted
as Expt, This work, UDLP, CPPM and Gamow–like, respec-
tively.
In the following, as a promotion, we extend the new G–
N law to predict the proton radioactivity half-lives of 23
nuclei in region 51 ≤ Z ≤ 91, whose proton radioactivity
is energetically allowed or observed but not yet quantified
in NUBASE2016 [35]. The results are listed in table 3. In
this table, the first five columns present the serial num-
ber, proton emitter, corresponding decay energy Qp, the
transferred minimum orbital angular momentum lmin and
the spin–parity transformed from the parent to daughter
nuclei, respectively. The last three columns are the loga-
rithmic half-lives log10T1/2(s) of Eq. (13), the UDLP and
the experimental data, denoted as This work, UDLP and
Expt, respectively. The spin and parity are taken from the
NUBASE2016 [35], the experimental data of mass excess
∆Mp and ∆Md are taken from the AME2016 [36, 37].
Proton radioactive half-life is very sensitive to orbital an-
gular momentum and decay energy, however most of the
information Jpip → Jpid in Table 3 is not unique. In order
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Table 1. A comparison of calculated half-lives of the proton emitters in the ground state and the isomeric state with different
theoretical methods and experimental data. The calculations of proton radioactivity half–lives log10T1/2(s) displayed as This
work, UDLP, CPPM and Gamwo–like are obtained by Eq. (13), UDLP, the CPPM–Guo2013 and the Gamow–like model,
respectively. The symbol (m) by parent nuclei denote the isomeric state. The experimental Qp values are given by Eq. (11) and
half-lives are taken from Ref. [35] except where noted.
Nucleus Qp (MeV) l log10T1/2 (s)
Expt This work UDLP CPPM Gamow–like
109I 0.830 2a − 3.987 − 3.507 − 3.684 − 3.906 − 4.281
112Cs 0.830 2b − 3.310 − 2.844 − 3.062 − 3.128 − 3.571
113Cs 0.981 2b − 4.752 − 4.796 − 4.899 − 5.302 − 5.547
117La 0.823c 2c − 1.623c − 2.072 − 2.350 − 2.368 − 2.762
121Pr 0.901 2b − 1.921 − 2.552 − 2.811 − 2.894 − 3.215
130Eu 1.043 2c − 3.000 − 3.121 − 3.398 − 3.494 − 3.761
131Eu 0.963 2b − 1.703 − 2.141 − 2.458 − 2.477 − 2.749
135Tb 1.193 3b − 2.996 − 3.380 − 3.712 − 3.912 − 3.978
140Ho 1.106c 3c − 2.222c − 1.902 − 2.342 − 2.265 − 2.457
141Hom 1.264 0b − 5.137 − 5.783 − 5.331 − 5.769 − 5.865
141Ho 1.190 3c − 2.387 − 2.811 − 3.220 − 3.335 − 3.403
144Tm 1.725c 5c − 5.569c − 5.216 − 4.691 − 5.142 − 4.965
145Tm 1.754 5b − 5.499 − 5.401 − 4.871 − 5.415 − 5.164
146Tm 0.904 0b − 0.810 − 1.272 − 0.610 − 0.315 − 0.773
146Tmm 1.214 5c − 1.125 − 0.999 − 0.896 − 0.695 − 0.776
147Tm 1.133 2b − 3.444 − 2.455 − 2.859 − 2.911 − 3.051
147Tmm 1.072 5b 0.573 0.681 0.614 1.001 0.874
150Lum 1.305 2c − 4.398 − 3.633 − 4.734 − 4.206 − 4.367
150Lu 1.283c 5c − 1.194c − 1.199 − 1.113 − 0.931 − 1.044
151Lum 1.335 2b − 4.783 − 3.899 − 4.327 − 4.582 − 4.662
151Lu 1.255c 5c − 0.896c − 0.911 − 0.863 − 0.699 − 0.767
155Ta 1.466 5b − 2.495 − 2.397 − 2.269 − 2.321 − 2.267
156Ta 1.036 2b − 0.828 − 0.180 − 0.624 − 0.279 − 0.649
156Tam 1.126 5b 0.924 1.101 0.947 1.479 1.248
157Ta 0.956 0b − 0.529 − 0.797 − 0.188 0.122 − 0.305
159Re 1.816c 5c − 4.678c − 4.493 − 4.268 − 4.639 − 4.428
159Rem 1.831c 5c − 4.695c − 4.586 − 4.355 − 4.741 − 4.524
160Re 1.286 2c − 3.164 − 2.450 − 2.939 − 2.915 − 3.090
161Re 1.216 0b − 3.357 − 3.277 − 2.895 − 2.953 − 3.152
161Rem 1.336 5b − 0.680 − 0.729 − 0.789 − 0.579 − 0.601
164Ir 1.844c 5c − 3.959c − 4.247 − 4.114 − 4.376 − 4.213
165Irm 1.737 5b − 3.430 − 3.550 − 3.472 − 3.685 − 3.502
166Ir 1.177 2b − 0.842 − 0.801 − 1.303 − 1.036 − 1.294
166Irm 1.347 5b − 0.091 − 0.344 − 0.475 − 0.136 − 0.215
167Ir 1.087 0b − 1.128 − 1.347 − 0.865 − 0.631 − 0.940
167Irm 1.262 5b 0.778 0.546 0.348 0.758 0.683
170Au 1.487 2b − 3.487 − 3.254 − 3.845 − 3.927 − 3.984
170Aum 1.767 5b − 2.975 − 3.330 − 3.333 − 3.442 − 3.307
171Au 1.464 0b − 4.652 − 4.460 − 4.298 − 4.527 − 4.569
171Aum 1.718 5b − 2.587 − 2.992 − 3.026 − 3.144 − 2.966
176Tl 1.278 0b − 2.208 − 2.361 − 2.059 − 1.909 − 2.133
177Tl 1.172 0b − 1.178 − 1.263 − 0.863 − 0.610 − 0.855
177Tlm 1.979 6a − 3.459 − 3.643 − 3.045 − 3.305 − 3.025
185Bim 1.625 0b − 4.192 − 4.730 − 4.759 − 5.017 − 4.971
a
Taken from Ref. [24].
b
Taken from Ref. [35].
c
Taken from Ref. [9].
to reduce the error in predicting half–life, the minimum
orbital angular momentum lmin and the decay energy Qp
are corresponding calculated by Eqs. (10) and (11). The
lmin for uncertain nuclei are the theoretically established
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Table 2. The standard deviations σ of the calculations from
Eq. (13), UDLP, CPPM and Gamow–like with respect to the
experimental data.
Model This work UDLP CPPM Gamow–like
σ 0.397 0.427 0.472 0.501
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Fig. 5. (color online) The comparison of the logarithm of the
calculated half–lives with the experimental data for proton ra-
dioactivity. The line represents the calculated values and the
points represent the experimental ones.
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Fig. 6. (color online) Comparison of the predicted proton ra-
dioactivity half-lives using the new G–N law and UDLP. The
circles and triangles refer to results obtained by Eq. (13) and
UDLP.
minimum orbital angular momentum. Some of half-life in-
formation log10T1/2
Expt(s) provided by NUBASE2016 is
as 104Sb > 0.827, 105Sb > 3.049, 108I > 0.556, 117Lam ≈
−1.989, 172Au > 0.146 and172Aum > −0.260. The above
results predicted by our method are all within the range
except 108I. The reason for the deviation of 108I may be
that its orbital angular momentum is not accurate. As for
129Pm and 171Irm, the reason for the high order magnitude
of the calculated results may be that Qp is too small. For
a comparison, the proton radioactivity half-lives of these
nuclei are also predicted using UDLP. The comparison re-
sults are presented in Fig. 6. In this figure, the proton
emitters are given in the same order as Table 3 except
for 129Pm and 171Irm being not listed. It indicates that
the predictions of our new G–N law are consistent with
UDLP.
4 Summary
To summarize, according to the form of Geiger–Nuttall
law, considering the contributions of the orbital angu-
lar momentum l and the charge of the daughter nuclei
Zd in a unified way, we propose the new G–N law i.e. a
two–parameter empirical formula of half–life for proton
radioactivity. By fitting 44 experimental data of proton
emitters in the ground state and isomeric state, we obtain
a set of parameters. The results show well agreement be-
tween the experimental data and the calculated values. In
this sense, we extend the new G–N law to predict proton
radioactivity half-lives for 51 ≤ Z ≤ 91 nuclei, whose pro-
ton radioactivity is energetically allowed or observed but
not yet quantified in NUBASE2016. Furthermore, the pre-
dictions of our new G–N law are consistent with UDLP.
The formula is very convenient to study proton radioac-
tivity, and could be useful for future experiments.
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